The Painleve transcendents with solvable monodromy 
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Abstract: We will study special solutions of the fourth, fifth and sixth Painleve equations 
with generic values of parameters whose linear monodromy can be calculated explicitly. 
We will show the relation between Umemura's classical solutions and our solutions. 
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1 Introduction 

The Painleve equation can be represented by an isomonodromic deformation of a linear 
equation 

^ =A(x,y(t),t)V, (1.1) 

^ =B(x,y{t),t)% (1.2) 
where A(x,y,t) and B(x,y,t) are 2x2 matrices. The integrability condition of (j 1.11) 



and (j 1.2[) gives the Painleve equation for y(t). We call the linear equation Q 1.11) the 



linearization of the Painleve equation. We call the monodromy data of the linear equation 



(j Lip a linear monodromy of the Painleve function y(t). The linear monodromy cannot be 



calculated except for special cases. One exceptional case is Umemura's classical solutions. 
Umemura showed that there exist two kinds of special solutions for the Painleve equations, 
algebraic solutions and the Riccati solutions [41J, which are called classical solutions of the 
Painleve equations. For most of all Umemura's classical solutions, the linear monodromy 
can be calculated, but there exist some Painleve functions which are not included in 

•l-H , 

Umemura's classical solutions, such that the linear monodromy can be calculated. If we 
can determine the linear monodromy of a Painleve function exactly, we call the Painleve 
function monodromy solvable. 

It was R. Fuchs who found a monodromy solvable solution at first, which is not included 
in Umemura's classical solutions [8]. He calculated the linear monodromy of so-called 
Picard's solutions, which satisfies the sixth Painleve equation with a special parameter. 
This result was rediscovered recently 



The first, second and fourth Painleve equations have the following simple symmetries 
which do not change the parameters in the Painleve equations. 
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There exist finite number of solutions which are invariant under the simple symmetries 
above. We call such a solution as a symmetric solution. A. V. Kitaev showed that the 
symmetric solutions for the first and the second Painleve equation are monodromy solvable 
[26]. We remark that Kitaev's symmetric solution for the second Painleve equation exists 
for any parameter of the equation. 

We will show that the symmetric solutions for the fourth Painleve equation is mon- 
odromy solvable [22] in section [31 Umemura's special solutions exist only for special 
values of parameters but our new special solution exists for any value of parameters and 
the associated linear equation can be reduced to the Whittaker equation for the special 
initial condition at t = 0. We describe the relations between the symmetric solution 
and Umemura's classical solutions. The symmetric solution includes the rational solution 
y = —2t/3 for parameters (a, (3) = (0, —2/9). The symmetric solution also includes one 
of the Riccati solutions. 

We will study special solutions which are meromorphic at the origin of the fifth and 
the sixth Painleve equations in sections H] and [5j In general the Painleve transcendent 
has an essential singularity at the fixed singular points. But it is known that there exist 
three meromorphic solutions at t — for the fifth Painleve equation (see §37 in [T3~]). 
There exist four meromorphic solutions at t — for the sixth Painleve equation. For the 
sixth Painleve equation, we also have four meromorphic solutions at t = 1 and t = oo, 
respectively [24|. We remark that any meromorphic solution y(t) of the fifth and the sixth 
Painleve equations at t = becomes holomorphic. 

We can represent the linear monodromy by using asymptotic expansions of generic 
Painleve functions. For the fifth Painleve equation, such correspondence was given by 
Andreev and Kitaev pQ [2] using WKB analysis. Although the connection formula by 
Andreev and Kitaev are very complicated, we determine the monodromy data for special 
solutions which are analytic at the origin by an elementary method. In section H] we will 
show that the Stokes multiplier of the linear monodromy of one of such solutions is zero 
since linearization is reduced to the Gauss hypergeometric equation at t — 0. 

Umemura's special solutions exist only for special values of parameters but our so- 
lutions exist for generic value of parameters. One of our special solutions includes the 
algebraic solution y = — 1 for special parameters (a + (3 = 0, 7 = 0) and also includes one 
point of the Riccati solution. We will transform Miwa-Jimbo's linearization to a simple 
equation without the deformation parameter for a rational solution of the fifth Painleve 
equation. The idea to calculate such a transformation of the independent variable is due 
to K. Okamoto. 

For algebraic solutions, we can take a suitable transformation z = z(x,t) and a gauge 
transformation ^ = R(z,t)ty such that (I 1.11) is transformed to 



which does not contain the deformation parameter t. This fact is observed by R. Fuchs 
[H] at first. He gave such transformation for some algebraic solutions of the sixth Painleve 
equation. We can take a similar transformation for most of all algebraic solutions of 
Painleve equations [M]. For the sixth Painleve equation, we do not know all of algebraic 
solutions, but many algebraic solutions are constructed by such transformations by Kitaev 
[28]. In [31], Ohyama and Okumura constructed such transformations for the first to the 
fifth Painleve equations. 
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The meromorphic solution around the origin of the fifth Painleve equation appeared 
in [2T]. They study a special fifth Painleve equation with the parameter a = 1/2, (3 = 
—1/2,7 — — 2i, (5 = 2 (See the equation (2.20) in [2T]). This solution is not algebraic. We 
think that our solutions may have application to mathematical physics although they are 
special. 

For the sixth Painleve equation Jimbo [20J gave a correspondence between the linear 
monodromy and a local expansion of the Painleve function. But if the Painleve function 
is meromorphic around a fixed singularity, we can calculate the linear monodromy easily. 
We will give twelve sets of meromorphic solutions around a fixed singularity for the sixth 
Painleve equation. For these meromorphic solutions, we can consider confluence of sin- 
gularities of (| l.ip . If a sixth Painleve function y(t) is holomorphic at t — 0, we can take 
a limit t — > in (1 l.ip . The equation ( j 1.11) is still Fuchsian after we take the limit and 
is reduced to the Gauss hypergeometric equation. We can take another limit x = 1 to 
x = oo. In this case (I l.ip is reduced to the Heun equation, which is solved by elementary 
functions. Therefore we can determine the monodromy of both reduced equations and we 
can also determine the monodromy of (I 1.11) . 

A. D. Bryuno and I. V. Goryuchkina construct asymptotic solutions around the fixed 
singularity [I] and D. Guzzetti presents the leading term of the critical behavior at the 
fixed singularity [II] [15] |16j . Another type of local behavior for the sixth Painleve 
equation are studied by K. Takano and S. Shimomura [ID], [HE], [39J. 

R. Fuchs showed that Picard's solution is monodromy solvable [8]. Picard's solution 
is expressed in terms of Weierstrass' p function: 

y(t) = 4p(c 1 u 1 (t)+c 2 u 2 (t)\g 2 ,g 3 ) + t -^, (1.4) 

92 = ^(t 2 -t + 1), g 3 = ^(t + l)(2t - l)(t - 2), 

where C\ and c 2 are arbitrary constants and U\ and uj 2 are a pair of fundamental period 
|36j . This satisfies the sixth Painleve equation with special parameters: a = (3 = 7 = 
and S = 1/2. For the rational numbers c\ and c 2 , R. Fuchs determined the monodromy 
invariant: 

Pot = — 2 cos 2c 2 7r, p u = — 2 cos 2ci7r, p i = — 2 cos2(ci — c 2 )n. (1.5) 

Here pij=tiMiMj and Mj is a monodromy matrix (See section [5] and [20]). He showed 
that Picard's solution (I 1.4j) is expanded at t = as 

„2nik/n 

e ' 21 21+1 

y(t) = ~ A ^r l ~ + + ■■■ ( L6 ) 

for C\ = -, c 2 = - and - < |. In the case - > |, we have similar expansion of 
y(t). Therefore we can take a limit t —> in (I l.ip and (I 1.11) is also reduced to the 
Gauss hypergeometric equation. Since (j 1.4j) has a similar expansion at t — 1, we can 
take another limit t — > 1 in (1 l.ip . Because the limit of ( \ l.ip is reduced to the Gauss 
hypergeometric equation again, we obtain the monodromy invariant ( j 1.51) . 

The paper [8] was completely forgotten for long years. The author thanks Professor 
Y. Ohyama who introduced him the paper [S]. 

We will list up all of known monodromy solvable solutions: 
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• Umemura's classical solutions [27], [31] 

• Symmetric solutions ([26], [25], section [3]) 

• meromorphic solutions around fixed singularities ([23J, [24] , sections H] and [5]) 

• Picard's solution [S] 

We do not have a rigorous definition of monodromy solvability One may think any 
Painleve function is monodromy solvable. For example, Jimbo [20] gave a correspondence 
between local expansion of generic solutions of the sixth Painleve equation at t — and 
linear monodromy. In this sense, a generic sixth Painleve function is monodromy solvable. 
Similarly, there exist a correspondence between local expansion of Painleve functions and 
linear monodromy for other types of Painleve equations [2] . But our monodromy solvable 
solutions listed above are more special, since we can determine the linear monodromy 
by reducing classical special functions, such as the Gauss hypergeometric function or the 
Kummer confluent hypergeometric function. 

In section [21 we review the Painleve equations. In subsection 12.11 we list the "Lax 
form" of the Painleve equations. In subsection 12 .21 we review the Backhand transformation 
groups of the Painleve equations. 

In section [3], we show that the symmetric solution of the fourth Painleve equation is 
monodromy solvable. This section is based on the paper [22J. In section [H we show that 
meromorphic solutions at t — of the fifth Painleve equation are monodromy solvable. 
This section is based on the paper [23]. In section [5j we show that meromorphic solutions 
at t = of the sixth Painleve equation are monodromy solvable. This section is based on 
the paper [24] . 

The author wishes to thank Professor Y. Ohyama for his constant guidance and en- 
couragements over time to complete this work. The author also thanks Dr. D. Guzzetti, 
Professor K. Okamoto and Professor S. Shimomura for fruitful discussions. 

2 The Painleve equations 

The Painleve equations was found by Paul Painleve about one hundred years ago [33] . 
He and his pupil Gambier classified second order nonlinear equations without movable 
singularities [10J. After they removed equations which can be solved by known functions, 
the following six equations are remained. 
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Pi) y"= Qy 2 + t, (2.1) 

P n ) y"= 2y 3 + ty + a, (2.2) 

Pm y = -y --r + — t — + 72/ +-, 2.3 
y t t y 

Piv) y"= ^y' 2 + ^ + Aty 2 + 2{t 2 -a)y+^, (2.4) 
2?/ 2 y 

p y) y = {^ + i^i)y -t y+ —^{ ay+ y) +rr t +5 -y^r^ 2 - 5) 

Pvi) y"= ■=[- + 7 + r )y ~ t + 7— r + 



2 \y y — 1 y — tj \t t — 1 y — t 

J t-1 



y(y- i)(y-*) 
t 2 (t-i) 2 



(2.6) 



Here a,/?, 7 and 5 are complex parameters. They are called the Painleve equations. It is 
known that generic solutions of these six equations are transcendental functions and they 
are called the Painleve transcendents. 

We may use a different type of the third Painleve equation Pjjj 

1 = 1" + 1 — ^ + 1~- 

q x Ax z Ax Ax z Aq 

instead of Pm, since it is easy to study isomonodromic deformation for P/ n . P/ n is 
equivalent to Pm by 

x = t 2 , y = tq. 
The third Painleve equation is divided into three types: 

• D { $ ] if a ^ 0, ^ 0, 7 = 0, 5 = 0, 

• £)W if 5 = 0, /5 ^ or 7 = 0, a ^ 0, 

• P4 1} if 7 5 ^ 0. 

In the case (3 = 0, 5 = (or a = 0, 7 = 0), the third Painleve equation is a quadra- 
ture, and we exclude this case from the Painleve family. Dj(j = 6, 7, 8) mean the affine 
Dynkin diagrams corresponding to Okamoto's initial value spaces. By suitable scale trans- 
formations t — > ct, y — > dt, we may fix 7 = A, 5 = —A for D$ , and 7 = 2 for 

For the fifth Painleve equation, we assume that 5 7^ 0. When 5 = 0,7 7^ 0, the fifth 
equation is equivalent to the third equation of the type. When 5 = 0,7 = 0, the fifth 
equation is quadrature and we exclude this case from the Painleve family. By a suitable 
scale transformation t —>■ ct, we can fix 5 = —1/2 for the fifth equation. 



2.1 Isomonodromic deformation equations 

In 1905, R. Fuchs showed that the sixth Painleve equation is an isomonodromic deforma- 
tion equation of a second order Fuchsian linear differential equation [6] [7] . Later Gamier 
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showed that other Painleve equations are also isomonodromic deformation equations of a 
second order linear differential equation with irregular singularities [IT] . 

We will list up the isomonodromic deformation equations for all Painleve equations. 
We use Miwa-Jimbo's form [19J, which is isomonodromic deformation of 2 x 2 matrix type 
linear equations 

OY 

t (2-7) 

For a suitable pair A and B, the integrability condition 

OA OB 

—(x, t) - — (x, t) + [A(x, t), B(x, t)} = (2.8) 
gives the Painleve equations. 



2.1.1 The first Painleve equation 

We take 



B(x,t)=(° Wx+H I 



The integrability condition ( j 2.81) is 



— = z — = 6y 2 + t 
dt dt 



and we obtain the first Painleve equation 

d2y a 2 , + 
d^ = 6V +t 

By a transformation 



(I 2.7p is transformed into 



where 



(2.9) 



(2.10) 



1 J 2C 
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The first equation in (I 2.101) has a regular singular point at ( = 0, where the local 
exponents are and 1. Since solutions have no logarithmic terms at ( = 0, ( = is an 
apparent singularity. A formal solution is given by 

z ( c) = ( 1 + f + f + ...y ( C), 

where 

H I = ±z 2 -(2y 3 + ty) 
is a Hamiltonian of the first Painleve equation. 




2 I o -1 ■* ^ 2 1-2^ 



2.1.2 The second Painleve equation 

We take 

Mxt)-( l °)x 2 +( ° M Wf 2 + t/2 ~ uy 
B(x,t) = \ (I _°! J « ' 1 ^ ° " 
Here a = | — 0. 

The integrability condition (I 2.8ft is 

du 

Tt = ~ uy > 

and we obtain the second Painleve equation 

<py „ 3 , , A 



At x = oo, a formal solution is given by 



n^) = (i + - + 4 + ---)^), 



,T \ x 3 /t 0\x /0 0\, ,1 

T(x)= o -i y+ o -t h + o -J log 



x 



[2.11) 



-w/2\ y = / H 2 n /2 + {z-t9)/A uy/2-uH u /2 \ 



Yl \-z/u H u ) ' F2 V"(^ + + 2i W M #iV 2 + ( z + te )/ A ) ' 
where 

H II = ±z 2 + (y 2 + t -)z + 6y 
is a Hamiltonian of the second Painleve equation. 
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2.1.3 The third Painleve equation of type D 

We take 



(i) 



A(x,t) 



( 

t 2 yz 2 + z - (1/4) z 2 
\ 4yx 3 x 2 x 

( 2yz_ 2yx \ 



x — y \ 
2 

z 

x ) 



B(x,t) = 

\2yx 2 tx 
Then the integrability condition (I 2.81) is 



t _ t 
s 2yz 2 + tz' 2yz 



t ) 



t 2 



ty' = 4y 2 z + 2y, tz' = -4yz 2 - 2z - — + -. 

This is a Hamiltonian system with the Hamiltonian 

tH = 2y 2 z 2 + 2yz--- — . 
y y 2 2y 



From ( j 2.131) we obtain 



„ _ (gQ 2 q' 2q 2 
q s s 2 



- 2. 



Changing the variable s = t 2 , we have P' ih {ol = 2, /3 = —2, 7 = 0, 5 = 0) 



g s 2s 2 2s 



By a transformation 



x = C 2 , V 



2C 3 2C 3 
-2z( + 1 -2zC - 1 



the Lax form is changed into 
dZ_ 

where 



Ao+'-A^^Z, f 



A, 



An 



1 0\ 1 / -7 + r 

-iM 1 ^ 4p+l -7 |;A2 



1 f-y 2 -t 2 y 



2y \-y 2 + 1 2 y 



2.1.4 The third Painleve equation of type D\ 

We take 



(i) 



A(x,t) 
B(x,t) 



0\ 1 





-yz 2 + 9 z + 1/4 -tj r- 

yz yx 

~J ~ 

z q+tz' t—yzx I > 

tx tx 



+ 



0\ 








-z 2 t 


- + 

X 


6 


3 + ( 



Then the integrability condition (I 2.81) is 

ty' = 2y 2 z - 6 y + t, tz' = -2yz 2 + 6 z - 
This is a Hamiltonian system with the Hamiltonian 

tH = y 2 z 2 + (-6 Q y + t)z- y -. 
From fT2~ToD we obtain P^ H (a = 2,(3 = A(9 + 1), 7 = 2, 5 = 0) 

qll _ W) 2 q' | q 2 1,1 + 6q 



1 

4" 



By a transformation 

x = C 2 , ^(a;) 
(j 2. 7j) is transformed into 



g t 2t 2 q t 



C 2 o\ / 1 o\ /c o\ f 2 2 
1; I-2 1 y v 1 



1) z(c) ' 



where 



£o(C,*)^ 

1 \ 1 / 29 -5 Ayz - 29 Q - l\ 1 



\0 -iy ' 2\4p-20 o -l 2^-5 7C 

1 / 4*t - y 4zi + y \ ]_ f-t iU 

2 - y -Azt + y) ( 2 \t -t) C 3 ' 

, + y/At -z - y/At\ 1,(1/2 -l/2\ £ 
" ' ^ + Z//4t *-y/4t J C V-l/2 1/2 J C r 



2.1.5 The third Painleve equation of type 



We take 



r,/ ^ 1 A \ 1/0 tt\ 1 „ (\ \ __i 



2 10 -I/ t U 0; 2a; 10 -1 



where (V = (® J) G .$mC). We set 



l r (-t 0\ r -i _ ( z-t/2 -wz 
2 \0 t) ~\w' l {z-t) - z + t/2j' 

! Z-^oo/2 u \ /0 o /2 u 
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These parameters satisfy the following constraints: 

ad — 1 = be = —z/t. ab = —wz/t, cd = — (z — t)/tw, 
(do + doo)a - 2cu + 2bv = 0, (0 O - O^b - 2au + 2du = 0, (0 O + O^c - 2av + 2dv = 0. 
The integrability condition (j 2.8ft is 



dt \v 0J \v 

du 6>oo dv 

— = — u + 2tao, — = v + 2tcd, 

dt t dt t 

du O _ dv O _ 

— = — u + 2tbd, — = v + 2tac. 

dt t dt t 



We set y = —u/zw. Then we have 



= Azy 2 - 2ty 2 + (20^ - l)y + 2t, 
dz 

t— = -Ayz 2 + (Aty - 20^ + l)z + (0 O + O^t, 

d (0 O + O^t 

t—\ogw = 2ty + 9 00 . 

dt z 



We obtain the third Painleve 

n 1 /2 y' ay 2 + 13 . 3 , S 
y =-y ~t + — 7 — + iv + - ' 

y t t y 

a = 40 o , p = 4(1 - e^, 7 = 4, 5 = -4. 
At x = oo, a formal solution is 

Y(x) = 



2 \0 -t 



Y 2 

X 2 


..), 


1 (6oo 


1 


2 V 




t/2 


-u/t 



u/t uv/t + z -t/2 

At x = 0, a formal solution is 



Y(x)= (l + *i + *§ + ... ) e n- 



Y _ f-uv/t- z + t/2 -u/t 
l ~ \ v/t uv/t + z-t/2 

The Hamiltonian of the third Painleve equation is 

0n 2 - 



ttf m = 2j/V + 2(-ty 2 + O^y + t)z - (0 O + 0^)^ - t 2 - JL T ^- 
2ff m = Tr (Y x + f ~* °J . 
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2.1.6 The fourth Painleve equation 

We take 

A{X ' t] = (o -1 ) X+ { liz-t-9^) - t ) + \{f/z-29 ) z-\ 







B ^ t] = (J -°i) x+ (f(,-^o-M o) 



where y, z and u are functions of t, and 9 and 6^ are constants 

a = 26^ - 1, (3 = -ml (2.19) 
Setting w = z/y, the integrability condition ( j 2. 81) gives 

^ = -4y W + + 2fy + 4# , 

^ = 2^ 2 - 2y^ - 2tw + (0 O + 9^), (2.20) 
dlogw 

The system (I 2.201) is the Hamiltonian system with the polynomial Hamiltonian H±: 

# 4 = -2yw 2 + y 2 w + 2tyw + 46 w - (0 O + 0oo)y- (2.21) 
The function u can be obtained from fl 2.20j) by a quadrature. 

2.1.7 The fifth Painleve equation 

We take 

1 / -2 - eo+e °° + ^Q" 61 ^ 61 " ) 



= J ( J °i ) x 



+1 



2 V -1 

if -M [z + fl -2/ (z+ 6 °-% +e °° )] 







(2.23) 



where y, z and u are functions of £, and #0, #1 and #oo are parameters. From the integra- 
bility condition f l 2.81) . we have 

L dy ^ / t . 2 , . / #0 — $1 + #00 300 + #i + 9oo 



'ft = ty-My-iy-(y-V[-^^y 
Jz f e -e 1 + e oo \ z + e f e + e 1 + e l 

t-77 = yz z-\ Z + 



dt V 2 / y \ 2 



00 



Jhgu f 9 -9 1 + 9 oo \ 1 / g + gi + g c 
= -2*-*o + v(* + g ) + y{ Z + 2 
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Eliminating z, we have the fifth Painleve equation for 

i fe -9 1 + e oo \ 2 -l f9 -9 1 -e oo \ 2 -l 

a= 2{ 2 J ' /?= l"( v 2 J ,7 = 1-^0-^1,5 = ^- 

Putting 

if , o + e 1 + 6 c 

w — - z 



we have 



y V 2 



, „ 3 , 2 ^0+301 + 0c 

t— = ty-2y w + y 



+4y 2 w - y(2d 1 + 9^) - 2yw - 9 ° \ 9 °° , (2.24) 
t^- = 3y 2 w 2 -yw(9 + 39 1 + 9^) + w 2 - wt - Ayw 2 

+W (29 1 + 9 oo) + 9 ^ + 9 2 l + 9 -\ (2.25) 

t ^F = -2yw + 9 1 + 9 OQ + y(yw-9 1 )+w. (2.26) 

The system ( j 2.241) and (j 2.25j) are the Hamiltonian system with the polynomial Hamil- 
tonian H 5 as shown below: 



tH 5 = -y(y-l) 2 W * + 

9 l (9 + 9 1 + 9 



-9 + 9 1 + 9 C 



(y - l) 2 + (9 + 9 l )y{y -l)+ty+ (9 + 9 X ) w 



oo } 

y- 



2 

The function u can be obtained from (j 2.26p by a quadrature. 

2.1.8 The sixth Painleve equation 

We take 

Aj _ / a n (x,t) a l2 (x,t) \ . . A t 



where 



A,-= ( ^ ) (/=().!./-). 



We define Aoq, y and z as follows: 
-4oo = - 2J A 

ai 2 (x,t) = - V" — ^ 

3=0,1,* X - 

z = -a u (y,t) = ^2 



\(9oo 



3=0,1,* 

k(x — y) 



-5(^00 + J2j=o ,i,t9j] 



-^ lt x-3 x(x-l)(x-t) 
Zj + Oj 



j=o,i,t y 3 
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where y, z, Zj, Uj and k are functions of t and 9j (j = 0, 1, t, oo) are parameters. 
We then have 



j=o,i,t 



\i=0,l,t,oo / J=0,l,t 



2j Uj 1 (zj + 9j) — 0, (t + l)u 2o + + «t^t = fc. 

J=0,l,t 

In what follows, instead of 6>j, we mainly use the parameters aij (j = 0, 1,2,3,4) defined 
by the following relations: 

9 = a 4 , ^! = a 3 , 9 t = a , 9^ = 1 — ^ (a + «i + 2a 2 + a 3 + a 4 = 1). (2.27) 

From the integrability condition ( j 2.8ft . we have 



dt 



dz 



2zy{y -l)(y-t)- a 4 (y -l){y-t)- a 3 y(y - t) 

-(ao-lMy-1), (2.28) 

(2y - 1 - t)a A + (23/ - t)a 3 



t(t-l)^ = (-3i/ 2 + 2(l + t)y-t)^ + 



+(2 1 /-l)(a -l) 



z — a 2 («i + "2) 



Eliminating we have the sixth Painleve equation with 



2 2 ' P 



-a: 



2 -1 o 2 1 1 - 

2 2 ; 2 2 1 2 



or 



^ 2 



(2.29) 



. (2.30) 



The system ( j 2.281) and (j 2.29ft can be written as a Hamiltonian system with the polyno- 
mial Hamiltonian Hyj given by 



t{t-l)H VI = y(y-l)(y- t )z 2 - 

+a 2 (a 1 + a 2 )(y - t). 



®i(y -l){y-t) + a 3 y(y -t) + (a - l)y(y - 1) 

(2.31 



Remark 1 This polynomial Hamiltonian system is the same as Gamier- Okamoto 's Hamil- 
tonian system. Putting Y = t (ipi,ip 2 ) and eliminating ip 2 from (j 2.7ft . we have the same 
second order single equation as Gamier- Okamoto 's equation [33]. 

2.1.9 Normalized form of the sixth Painleve equation 

In this section, we give the normalized Jimbo-Miwa's isomonodromic deformation equa- 
tions whose linear monodromy belongs to SL(2, C). We use this system for the calculation 
of the monodromy data and the asymptotic expansion of r-function. Put 



Oq tf l tf t 

Y = x'~(x — l)~~a(x — t)~~*Y, 



in ( j 2.7ft . Then we have 
dY(x,t) 



dx 



A(x,t)Y(x,t), A(x,t) 



E 

i=o,i,i 



An 



x-j 



CLii(x,t) CLi 2 (x,t) 

a 21 (x,t) a 22 (x,t) 



(2.32) 



,(2.33) 
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z- + — 

^3 ' 2 



-UjZj 



at 

We define A^, y and z as follows: 

5=0,1,* 



X — t 



e -f o \ _ / .n k( x ~y) 

- e -f )> ai2{X ' t] - x(x-l)(x-t) 



Z- + Hi 



j'=o,i,t 



y — j 



where y, 2, z,, ttj, are functions of t and 0j, #oo are parameters. 
We then have 



j=o,i,t 



2 ( S 6i ) ' S ^ = °' 

\i=0,l,t,oo / j=0,l,t 



2j + 0j) =0, (t + 1)U Z + tU\Z\ + u t z t = k. 

J=0,l,t 

We can solve as follows: 



(2.34) 

(2.35) 
(2.36) 



(2.37) 
(2.38) 



wo 



~0 



Zl 



fey _ k(y - 1) _ fc(y - 1) 
tab' Ul ~ (t-l)zi' Ut ~t(t-l)z t 



y\y -l)(y- t)z 2 + Q^y - l)(y - t)z + -f(y - l)(y - t) 



te 



00 



"o) 2 * + 4 " 



2/ 



1 



0? 



A y — I 4 y — £ 

y(y - l) 2 (y - t)z 2 + ^(y -l)(y- t)z 

01 y-i e. 



(2.39) 



(2.40) 



+^y(y -t) + + e.Yit ~l)-f- - j-t(t - 1) 



(2.41) 



2f 



2 



y(y - l)(y - t) V + #ocy(y - !)(?/ - *)* 



1 



+jl/(»-l)-^oc+W-l)- | 



ol y - K , o\ 



y-t 
y-i 



(2.42) 



Hereinafter we use aj which are defined by (I 2.27ft . From the integrability condition of 
(TT331 and 031, we have 

dy 



t{t - 1) 



dt 

dz 



2y(y-l)(y-t)z + y(y-l), 



Kt-l)^ = ["% 2 + 2(1 + t)y - t] z 2 -{2y-l)z 



+ 



1 — a\ a\ t a\ t — 1 0% t(t — 1) 



4 



(2.43) 



(2.44) 
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Eliminating z, we again obtain the sixth Painleve equation with (I 2.30j) . The system of 
equations (j 2.430 and (j 2.44p is a rational Hamiltonian system with the Hamiltonian Hyi 
defined by 



t(t-l)H VI = y(y - l)(y - t)z 2 + y(y - l)z 



l-aj 
-4 



a 2 t 



V+ 4 ' y 4 



t- 1 



(2.45) 



From fT2~2gl) and QUID, we have 



2(z-z) = ^ + 



a 3 



+ 



a 



2/ - 1 y-t 



[2.46) 



Remark 2 TTie transformation ( j 2.461) groes £/ie following canonical transformation be- 
tween two Hamiltonian systems (j 2.28ft . ( j 2.291) and (j 2.43ft . (I 2.44ft which keeps y invari- 
ant: 

dz Ady- dH VI A dt = dz A dy — dH VI A dt. (2.47) 
2.2 The Backlund transformation groups 

There exist rational transformations which change a Painleve equation to another Painleve 
equation of the same type with different parameters. The transformation group of each 
type of Painleve equations is called the Backlund transformation group. The Backlund 
transformation group is isomorphic to an affine Weyl group. 

For a classical root system R, we denote the Weyl group by W(R). We denote by 
P and Q the weight lattice and the root lattice of R, respectively [18]. It is known that 
the affine Weyl group W(R^) = Qk W(R). We set W(R^) = P K W(R). Let G be 
the Dynkin automorphism group of the extended Dynkin diagram. The quotient Pj Q is 
contained in G. We denote the extended affine Weyl group by W(R) = G x W(R^). 

Since the first Painleve equation has no parameter, it does not have any Backlund 
transformation. We will list up all of the Backlund transformations for the Painleve 
equation from the second to the sixth. 

2.2.1 Simple symmetry 

For the first, second and fourth Painleve equations, there exist simple transformations 
which keep the parameters. 

Pi y^C 3 y, (C 5 = i) 

P n y^ujy, u 2 t, {uj 3 = 1) 

Piv v-*-y> t-> -t, 

They are not contained in the Backlund transformation groups. We will use these sym- 
metry to define symmetric solutions of the Painleve equations. 
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2.2.2 The second Painleve equation 

The Hamiltonian is 

1 2 ( 2 t\ 
H H = -p - I q + - 1 p - aiq. 

The equation for y = q is the second Painleve equation: 

;2„ 



dry o 
^| = 2y 3 + ty + a, 



where a — a\ — \. 



The Backlund transformation is 

W(A?) = G *W(A?) = { Sl ,n), 
W(A?) = (s ,s 1 ), 

G = P/Q = Aut( J B} 1) ) = Aut(AS 1) ) = (tt) = Z 2 . 
The birational transformations are given by: 





a 






p 




so 

Si 


-a 
ctQ + 2a± 


ci\ + 2ato 

—OL\ 


q+f 
1 v 


1 4a q . 2a ^ 
P+ f 1 /2 

P 


t 
t 


7T 


a\ 


«0 


-q 




t 



where a = 1 — ot\ and f — p — 2q 2 — t. 



2.2.3 The third Painleve equation of type 

The Hamiltonian is: 



2 2 1 ( t 

q p +qp~ -\q + ~ 
2 V q 



(2 



(2 



(2 



The equation for y = q/r, t = r 2 is the special case of the third Painleve equation: 

2 



dry _ 1 / rfy 
dr 2 y\dr 



1 dy 4 . 9 , . - 4 

-/ + - y 2 -l +4y 3 --- 
t ar t y 



The symmetry of the equation is: 

G=(7T> 

The birational transformations are given by: 





9 


p 


t 


7T 


q 


q(2qp+l) 
2t 


t 
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2.2.4 The third Painleve equation of type 

The Hamiltonian is 

tH D7 = q 2 p 2 + a ± qp + tp + q. (2.52) 
The equation for y = q/r, t = r 2 is the special case of the third Painleve equation: 

2 



d 2 y 1 (dy\ 1 dy 1 2 4 
dr z y \dr J r dr r y 



with 



The symmetry of the equation is: 



= 4(1 

W(A^) = ( Sl ,a), 
G = (tt) = Z, 

where 71 = 0-05!. The birational transformations are given by: 





a 


«1 


q 


p 


t 


so 


-a 


CKi + 2otQ 


q 


p+^-\ 


-t 


Si 


ao + 2«i 


— Cti 


-q + ^ + \ 


-p 


-t 


a 




a 


tp 


1 
t 


-t 



where ao = 1 — a\. 

Any element of G has no fixed value of parameters. 

2.2.5 The third Painleve equation of type 

The Hamiltonian is 

tH D( . = q 2 p 2 - (q 2 - («i + Px)q - t)p - a x q. 
The equation for y = q/r, t = r 2 is the third Painleve equation: 

d 2 y 1 fdy\ 2 1 dy 1 , 2 3 4 

+ -(«y + /?) +% - - 

1/ 



fir 2 y \dr J t dr r 



with 



a = 4(ai-/3i), /3 = -4(«i + A - 1). 
The symmetry of the equation is: 

W^2A X )M) = G X H/((2A 1 )«) = ( So , 51,44,^,772, (7), 

W ? ((2A 1 )«) = ( SO)Sl , So , S ' 1 ,7r 1 ,7r 2 ), 
H/((2A) (1) ) = ( So , Si, s , 4), 
G = Aut(4 1) ) = Aut((2A 1 )«) = (7ri,7r 2 ,<7) = 2) 8 , 
P/Q = (7Ti,7r 2 ) = Z 2 x Z 2 . 



(2.53) 
(2.54) 



(2.55) 



(2.56) 

(2.57) 
(2.58) 



Since the table of birational transformations are too long, we split into two parts: 
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«0 




A) 


Al 




so 


-«o 


cti + 2ao 




Ai 




Si 


«o + 2cti 


— Cti 


A) 






*0 


«0 


CKi 


-A) 


Ai + 2A0 




S'l 


«0 


CKi 


A) + 2Ai 


-Ai 




TTl 


Ot\ 


«0 


Ad 


Ai 




7T 2 


a 




Ai 


Ao 




0"1 


Ao 


A 


«0 






0"2 


Ai 


A) 




a 









9 


P 


t 


s 

Sl 

s 

S'l 




rr 1 Q 


a (2q(p-l)+Qi+ J 3i-l) o£ t 


t 

t 
t 

t 




p /i 7T 
P 

/3b(2gp+ai+ y 9i-l) $t 




P /2 If 
P 


7Tl 
7T 2 




_t 
i 

t 
<i 


^(g(p-i) + Ai) + i 

-^(qp + ai) 


t 
t 


0"1 
0"2 




-Q 
Q 


1 — p 

ai + Ai - 1 , t 
P+ + 2 
q q 2 


-t 
-t 



where a — 1 - a 1: Ao — 1 - Ai , h — Ai<? + (p — 1)<? 2 + * an d /2 = «i9 + P<? 2 + 

2.2.6 The fourth Painleve equation 

The Hamiltonian is 

H IV = (p - q - 2t)pq - 2a lP - 2a 2 q. (2.59) 
The equation for y = q is the fourth Painleve equation: 

§^(l) 2 4^ + 2(^+f, (2,0, 

where 

a = 29^ - 1 = a - a 2 , A = ~8#o = -2a 2 . (2.61) 
The symmetry of the equation is: 

W(A^) = G x W{A { 2 1] ) = (s , si, s 2 , ai, a 2 ), 
W(AW) = (s ,s 1 ,s 2 ,n), 
W(A?) = (s ,s 1 ,s 2 ), 

G = Aut(4 1} ) = Aut(4 1} ) = (cri,cr 2 ) = 6 3 , 
P/Q = (vr) = Z 3 . 
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The birational transformations are: 









ft2 


Q 


p 


6 


So 


— «o 


oil + c^o 


C^2 + OiQ 


1 2q 

q+ f 
Q 


, 2ao 
P + — 

2ai 


i 


Si 


o;o + cci 


— «i 


Qt 2 Ot\ 




S2 


a + a 2 


«1 + «2 


—a 2 






t 


7T 


Gl\ 


«2 


a 






t 


0"1 




« 2 






-V-ig 


\f~it 


0"2 


a 2 


«! 


a 









where ao = 1 — a\ — a 2 and / = p — q — 2t. 



2.2.7 The fifth Painleve equation 

The Hamiltonian is 

tH v = p(p + t)q(q - 1) + a 2 qt - a 3 pq - &ip(q - 1). 
The Hamiltonian system 



H 



v ■ 



tq' = q{2pq — 2p + tq — t — a± — a 3 ) + a±, 
tp' = —p{2pq — p + 2tq — t — a.\ — a 3 ) — a 2 t, 



is equivalent to the fifth Painleve equation by y = 1 — 1/q for 

« = — , P = — — , 7 = a -a 2 , d = --, 

a + a± + a 2 + a 3 — 1. 
We list the relations between different parameters: 

#0 — #1 + #00 d — 9i — 1/1 /i 

ai = , a 3 = , a - a 2 = 1 - 6 - V 1 . 

We remark that we fix 5 = —1/2. 
The transformation 

w = -pq 2 - a 2 q 

gives a canonical transformation 

dpAdq + dtA dH v = -(dw A dy + dt A dH 5 ). 

The Backlund transformation group of the fifth Painleve equation is: 

W(A™) = G x W(A^) = (s , Sl , 82, S3, 7T, a), 
= ^(40 x ^3) = (s ,si,s 2 ,s 3 ,7r), 
= W(A 3 ) x R(A 3 ) = (so, Sl ,s 2 ,s 3 }, 

G — Aut(A^) = (<T,7T> =D 8 , 

P/Q = Z 4 . 
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The birational transformations are 



X 


a 


a>i 


« 2 


«3 


Q 


P 


t 


s (x) 


-a 


Ct\ + «o 


« 2 


a 3 + a 




P 


t 


si(x) 


a + d\ 


— OL\ 


a 2 + Ct\ 


«3 






t 


s 2 (x) 


a 


ol\ + a 2 




«3 + «2 


p 


p 


t 


sa(x) 


a + a 3 




« 2 + «3 


-«3 


Q 




t 


ir(x) 


Cti 




«3 


«0 


p 
t 


t(q-l) 


t 


a(x) 


a 


«3 


«2 


OL\ 


1-q 


~P 


-t 



2.2.8 The sixth Painleve equation 

The Hamiltonian is 

t(t-l)H VI = q{q - l)(q - t)p 2 - [a 4 (q - l)(q - t) + a 3 q{q - t) 
+ (a - l)q(q - l)\p + a 2 («i + a 2 )(q - t). 
The equation for y = q is the sixth Painleve equation: 

tfy 1/1 1 1 \ fdy\ 2 (1 

dt 2 2 U y-1 y-t \dt 



1 1 

+ 



t t-1 y-t J dt 



dy 



where 



a 



y(y-i)(y-t) 



t 2 (t - 1) 2 
P = 



a t t-i Mt-i) 



~2~' 



a. 4 



2 ' 7 2 ' " 2 ' 

and ao + £*i + 2a 2 + 0:3 + «4 = 1. 

The symmetry of the equation is described as follows: 

W(Df) = Gk ^(Df) = (s , Si, s 2 , s 3 , s 4 , ax, <r 2 , a 3 >, 

W(D^) = (s , Si, S 2 , S3, S 4 , 7Ti, 7T 2 ), 

= (s ,si, 82,83,34), 

G = Aut(D^) = 64 = (ai, a 2 , a 3 ), 

P/Q = Z 2 X Z 2 = (7Ti,7r 2 ). 

The list of birational transformations are given by the following table: 



«3 



«0 



1 



(2.62) 



(2.63) 





C*0 




a 2 


a 3 


0:4 


9 


P 


t 


so 


-«o 




ct 2 + « 


a 3 


0:4 




r q-t 


t 


Si 


«0 


— Cti 


a 2 + ol\ 


a 3 


«4 




P 


t 


s 2 


a + tt2 


«i + a 2 


-ct 2 


« 3 + a 2 


«4 + «2 


^ p 


P 


t 


S3 


«0 


ai 


ct 2 + « 3 


-a 3 


«4 


Q 


p- -2a- 


t 


s 4 


«0 


Oil 


a 2 + a 4 


a 3 


—0:4 


1 


p - s* 


t 


7Ti 


« 3 


a>4 


«2 


«o 


«! 


t 
q 


g(<?p+Q 2 ) 
t 


t 




CCi 


a 


« 2 


0:4 


a 3 


(g-i)* 


p{q-t) 2 +a 2 (q-t) 


t 


(q-t) 


t(t-l) 


01 


«0 


OL\ 


OL 2 


0:4 


a 3 


1-q 


-P 


1-t 


02 


«0 


(X4 


a 2 


«3 




1 


-q(qp + a 2 ) 


1 
t 


03 


0:4 


OL\ 


OL 2 


«3 


«0 


t-i 


-{t-l)p 


t 

t-i 
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Here tti = ^2^10^1 and 7r 2 = O\o-20~z0~2- 



3 Symmetric solutions of the fourth Painleve equa- 
tion 

In this section, we will determine the linear monodromy of symmetric solutions of the 
fourth Painleve equation. This section is based on the paper [22J. In order to determine 
the linear monodromy, it is sufficient to calculate the monodromy data of the linearization 
for a special variable t, since the Painleve equation is given by isomonodromic deformation. 
For the symmetric solutions, we fix the variable t = 0. Then the linearization of the 
fourth Painleve equation is reduced to the Whittaker confluent hypergeometric equation. 
Therefore we can determine the linear monodromy for the symmetric solution. 

For special parameters, the symmetric solutions become Umemura's classical solutions. 
We will compare the symmetric solutions with classical solutions. 



3.1 Symmetric solutions 

The first, the second and the fourth Painleve equations have simple symmetry explained 
in subsection 2.2.1. We call a solution of the Painleve equation which is invariant under 
the action of the simple symmetry as a symmetric solution. We list all of symmetric 
solutions. The symmetric solutions of the first and the second Painleve equations was 
found by A. V. Kitaev [2E|. 

Proposition 3 1) For Pj, we have two symmetric solutions 

71 = i^ 3 j 3_^ 8 J — t 13 j ^ f 18 4. . . . 

y 6 336 26208 224550144 

y = r 2 - -t 3 + —t 8 — t 13 H . 

y 6 264 19008 

2) For Pn(a), we have three symmetric solutions 

a 9 a t- 10a 3 + a s 

y = -t 2 + —t 5 + t s + ■■■ , 

y 2 40 2280 

_ ! a + 1 ^ 2 , (a + l)(3a + 1) 45 
v - t 4 + n2 t +••• , 

_ _ Q- 1 ^2 _ l)(3a- 1) 5 

2/ - « 4 t n2 t +••• . 

TTiey are equivalent to each other by the Backlund transformations. 

3) For Piv(ol, —86 2 ), we have four symmetric solutions 

t - yt 3 + — (a 2 + 120 2 ± 8#o + l)t 5 + • • 
y = ±r 1 + -(±a-2)t=F— (-7a 2 ± 16a + 36^ - 4)t 3 + ■ 
T/iey are equivalent to each other by the Backlund transformations. 
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A. V. Kitaev showed that symmetric solutions are monodromy solvable for the the first 
and the second Painleve equations [26J. 

From Proposition [H] the solutions of (j 2.201) with initial data y(0) = and w(0) = are 
expanded as follows: 



w 



k=0 



—2 

a = 1, ax = —(26*00 



a 2 = ^{4(2^ - l) 2 + 3(4# ) 2 + 8(46 ) + 4}, 



k=0 



30n - 1) 



b = 1, bi = -(6»oo 

b 2 = 4((^oo - 3# - I) 2 + 4^o(2^oc - 1)}, 
15 

We will determine the linear monodromy of the above solution. 



(3.1) 



(3.2) 



3.2 Transformation of the linear equation 

The linearization of the fourth Painleve equation is given by 

dY 



dx 



A(x,t)Y, 



where 
A(x,t) 



(3.3) 



1 
-1 



x + 



u 



+ - 



±(yw-6 -Ooc) -t J x\f(yw-29 ) yw - 9, 



-yw + 6 



uy 
2 



By putting t — 0, y — and w = 0, we have 



( Vi 
dx V V2 



x+ e f 



—x — - 

x 



u \ ( V\ 

00 



V-2 



(3.4) 



By the transformation x 2 = £ and yi = £ * {% — 1, 2), we have the Whittaker equations: 



d 2 Vi 

He 



+ 



-1 k k-m 21 



+ -: + 



d 2 v 2 

de 



+ 



4 ■ e ' e 

1 1 z' i 1\ 2 



-i fc+j i-(^ + i 
. 4 + e e 



2^oo- 1 



«i =0, 

^2=0, 

2g -1 

4 



(3.5) 
(3.6) 
(3.7) 



Therefore we have 
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Theorem 4 The symmetric solution (j 3. 1[) and fl 3.21) of the fourth Painleve equation is 
monodromy solvable. For ( j 3. 1 j) and fl 3.2|) . (j 3.4|) zs reduced to the Whittaker equation 
when t = 0. T/ie solution of fl 3.41) zs gwen fry 



where 



I — I -2fc-2m-l r /„ \ -4m r 

2/2 / V u(2m+l) ^fc+±,m+lW — ^fc+i 



2 



n=0 



(3i 



2fc-2m-l r /„ \ -4m r / \ 

'fc.mfa) = x^+^e-^iF^m-fc + i^m+l;^ 2 ) (3.9) 



x 2m + i c -^ + l)r(m - fc + | + n)* 2 " 

^ Y(2m + l + n)Y(m-k + \)n\ ' l ' J 



3.3 The linear monodromy 

The equation fl 3.3p has a regular singular point x = and an irregular singular point x = 
oo with the Poincare rank 2. We will define the linear monodromy {M , T, Gi, G2, G3, G4, 
e 2 ™ T °°} of (DSD [5], [IE]. 

1) At the regular singularity x — 0, the local behavior of y(x) is given by 

y(°)( x ) = (l + 0(x))x To , (3.11) 

where 




(3.12) 



The local monodromy of around x = is 

M = e 2 ™ T °. (3.13) 



2) At the irregular singularity x = 00, a formal solution is given by 



where 



y(oo) 
T(x) 













■■■)• 








1 




x 2 







T + 






-Hiv 



T(x) 



t 
-t 



a; 







log-, 



2(*-0„-0ooK 



—u 
1 #JV 



4 



z 2 - [y + 2t + -0„ )z + (0 O + 0oo)(j/ + 2t). 



(3.14) 
(3.15) 
(3.16) 

(3.17) 



Since x = 00 is an irregular singularity, the actual asymptotic behavior of Y(x) changes 
the form in the Stokes region of the complex x-plane: 

Sj = {x ||(i-l)-e<argx<|j + e, |x| > # } , (j = 1, 2, 3, 4, 5), (3.18) 
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where e is sufficiently small and R is sufficiently large. 

We denote is a holomorphic solution in Sj. According to the Stokes phenomenon, 
if y(3) ^ y(°°)(a;) as x -> oo in 5,-, then = Y^G^ and Y"( 5 ) = Y^e 2niT ^, where the 

matrices Gj (1 < j < 4) are called the Stokes matrices and e 2mTo ° is a formal monodromy 
around x = oo. 

3) Connection matrix T 

Since both and l^ 1 -* satisfy (I 3.31) . they are related by the connection matrix: 

= y(0) r _ ( 3-19 ) 



4) We have 

r- 1 M rG , iG 2 G'3G4e 2i7rT ° o = J 2 . (3.20) 

Generally, we cannot calculate Gj and V . By the isomonodromic condition, the linear 
monodromy is invariant for any t. For the symmetric solution of the fourth Painleve 
equation we can calculate the linear monodromy, because (I 3.31) is reduced to the Whit- 
taker equation when t = 0. 

Theorem 5 For the symmetric solution (I 3.11) and (I 3.21) of the fourth Painleve equation, 
the linear monodromy is 

M - ( ° \_(~e^ \ 



r(-2m) r(-2m)e~ i7r(fc+m+ ^ ) 
r(|-m-fe) r(i-m+fe) 
T(2m) r(2m)e- i7r(fc - m+ ^ ) 
r(|+m+fc) 



* 2 

Gi = I 27re i^ +2k ) 1 , (3.23) 




(3.22) 



G 2 = r(i-m+fc)r(i+m+fc) ; (3.24) 



G 3 = ( 27re " r (^ 1 + 6fc ) ! ] , (3-25) 
r(i-TO-jfe)r(i+m-*) 



1 



2 7 re i ' r( T 1 " 8fc) 



G 4 = r(|-m+fe)r(i+m+fe) } (3.26) 

\o i y 

2iwT ( e »f(i-*») o \ / -e" 4fc ^ 



gW= ° " ( e 2i ^ J ~ V -e Ak ™ ) ■ (3 ' 27) 

Proof. 1) Two fundamental solutions Xfc jm (x) and X^k,m(xe~) in the Stokes region Sj 
are expressed in the linear combination of Lk m (x) and Lk m (x) pj 
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For r,s,t E Z, 



X, m (xe rm ) 



Xk.m [XC 



T(-2m)e ri ^L Km (x) r(2 m )e TO ' 1 - g "'L, i _ m (x) 

T{\-m-k) T{\ + m-k) ' 1 J 

T(-2m)e sine °L ktm ( y x) r(2m)e M ( 1 ^' L k ,- m {x) 



+ 



r(|-m-A;) r(|+m-A;) 
r(-2m)e !rf °( t 4)L fcm ( s ) Y(2m)e i < t -^ 1 - f) ^ L K _ m (x) 



+ 



, (3.29) 
(3.30) 



V{\-m + k) T(\ + m + k) 

hold. Eliminating Lfc jm , Lk- m , and putting s = 0, t = and x — > xe~ ri7r , then we have 



_ 2 2 



(3.31) 



1 3 
(r - -)7r < argx < (r + -)7r, (r = 0, 1, 2, • ■ ■ ). 



Similarly, we have 

2 2 

X_ km (xe 2 ) ~ E'j.e 2 + F r e 2 x ~ 



(3.32) 



1\ 3. 
r - ^ J 7T < argx < (r + -)vr, (r = 0,1,2, 



where 



3 r(l-0oo)i7r„rfl 



sin2(r + l)m7r _ 2kin sm2rrmr 
sin 2m7r sin 2m7r 

— 27re^^ r ' +1 ^e~' c * 7r e~ i ? sin 2rmix 
r(| — m — A;)r(| + m — k) sin 2m7r ' 



Mi-M-Yl™. 



e 2 ir e~~e~ 27r sin 2rvmx 
T(| — m + A;)r(| + m + A;) sin 2m7r 
sin2(r — l)m7r _ 2A;i7r sin 2rm7r 



sin 2miT 



+ e" 



£y = 

F r = 

2) Stokes matrices Gj 

For r7r < argx < (r + i)7r, (r 6 Z), we write the coefficient matrix of (j 3.311) and (j 3.321) 



sin 2mir 



(3.33) 
(3.34) 
(3.35) 
(3.36) 



as 



D r F r 



(3.37) 



For (r + |)7r < argx < (r + 1)ti, we have 



D r+ i F r+ i 



(3.38) 



2r+l 



D r+ i F r+ \ 



D r F r 



(3.39) 
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where 



G 2r+1 = [ T ^ J ) , (3.40) 



_ D r — D r+ i _ F r — F r+ x 
J-2r+i — ~ p • \ iAV ) 



Substituting (j 3.331) and (j 3.341) . we have 

27re i7r(^ + (4r- 

r(| + m - k)Y{\ - m-k) 



2 7re " r (ir+( 4r + 2 ) fc ) 

^+1 = 7^ TvnTi FT' (r = 0,1,2, •■■)• (3.42) 



In similar way, we have 



G 2r = ( J T f ) , (3.43) 



2 Mr(^-4rfc) 

T 2- = F7^ "TvFTI ~TT' (r = l,2,---). (3.44) 



T(i + m + A;)r(i-m + fc)' 
For special parameters, we have 

Remark 6 We set 26^ — 1 = a — a 2 , 26 = —ct\ and a + a i + a 2 = 1- 
lj In case o/ao = ; we aai>e m + = — 1/2 and G 2 = G4 = I 2 . 

2) In case of a 2 = 0, we have m — k = —1/2 and G\ = G3 = I 2 . 

3) In case of ao = and a 2 = 0, we have G\ = G 2 = G3 = G4 = I 2 . 



□ 



3.4 Comparison with classical solutions 

Umemura studied special solutions of the Painleve equations [41] . Umemura's classical 
solutions are either rational solution or the Riccati solution [30J , [31] , [32] - We show that 
the symmetric solution of the fourth Painleve equation includes rational solutions and 
one point of the Riccati solution of Umemura's classical solutions. 

1) The Riccati solution 

We set p = y + 2t — 2w. Then the system ( j 2.20j) is equivalent to the following system: 

^ = 2yp-y 2 -2ty + Ae , (3.45) 
J = 2yp-p 2 + 2tp + 2(0o-0oc + l)- (3.46) 



If a 2 = 0, 6*o — ^oo + 1 = 0. p = is a special solution and y satisfies the Riccati equation 

-y 2 -2ty + 49 , (3.47) 



dy , 



dt 
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which is solved by the Weber function. In this case, the linear monodromy is upper trian- 
gular matrices by Remark [U] (2). If y(0) = in (3.1), the Riccati solution is a symmetric 
solution. We remark that the Riccati solutions have the same linear monodromy. 

2) Rational solutions 

2-1) If o = 0(2 = 0, 9 = —1/2. The Riccati equation is 

d A = y 2 + 2 ty-2, (3.48) 

which has a rational solution y = —2t. This solution is reduced to the Hermite polynomial. 
The solution (y, w) = (— 2t, 0) is a symmetric solution of the fourth Painleve equation. In 
this case, every Stokes matrix is a unit matrix by Remark [6] (3). 

2-2) If ao = ai = oi<i — 1/3, the fourth Painleve equation has an rational solution: 

-2t t . . 

V = -jp w = -, (3.49) 

which is a symmetric solution of the fourth Painleve equation. Since we have (k, m) = 
(0,-1/3), ( j 3.3p is reduced to the Airy function. 

3.5 Conclusion 

1) The symmetric solution of the fourth Painleve equation exists for any parameter a and 

(5. 

2) There exist rational solutions and the Riccati solutions for the fourth Painleve equation 
for special parameters. Only for such special parameters, the symmetric solution coincides 
with Umemura's classical solution. In this sense, the symmetric solution is a new special 
solution beyond Umemura's class. 

3) Two of four Stokes matrices {G\ and G 3 or G 2 and G4) become unit matrices when 
«o or «2 = 0, and every Stokes matrix becomes a unit matrix when «o = «2 = 0. 
Especially when 02 = 0, the linear monodromy become upper triangular matrices. When 
«o = ot\ = «2 = 1/3 and y = —2t/3, the solution of the associated linear equation can 
be solved by the Airy function. 

4 The fifth Painleve equation 

This section is based on the paper [23J . In this section, we will give three holomorphic so- 
lutions around t = 0, which are invariant under the action of the Backhand transformation 
group. We will calculate the linear monodromy for one of these holomorphic solutions 
at t = 0. The linear equation is reduced to the Gauss hypergeometric equation when 
t = 0. The equation (I 2.22p has an irregular singularity at x = 00 with the Poincare rank 
1, which becomes a regular singularity when t = 0. We will show the extension of the 
isomonodromic deformation to t = 0. 

We will transform the linearization ( j 2. 221) to ( j 1 . 3f) for the rational solution y(t) = — 1. 
Therefore R. Fuchs' observation is valid for y(t) = — 1. 
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4.1 Meromorphic solutions around t = 

Generic solutions of the fifth Painleve equation have an essential singularity around t = 0. 
Meromorphic solutions of the fifth equation around t — is classified in §37 [13J. 

Theorem 7 1) Under some generic condition, the fifth Painleve equation ( j 2.5|) has a 
holomorphic solution around t = 0: 



oo 

'oo 



6>q - 6>i - 6>oo 



n=l 



^ Assume that 9q + 9\ ^ Z\ The fifth Painleve equation (I 2.5p /ias a holomorphic solution 
around t = 0: 



Proof. Putting t = in (j 2.241) . (j 2.251) . we have the initial conditions (y(0),w(0)) as 
follows: 

9 — 6i — (9 — 9i + 9 oc )(9q + 9i + 9 C 



9 — 9i + — 4^oo 

— #0 + #1 + #00 #i(#o — #i + #c 



#0 — ®\ + #00 ' —2(^o _ 
^i(^o + Oi + Oqo ) 
2(fl + #i) 

Therefore, any holomorphic solution (y(t), w(t)) has one of the above initial values. Since 
the system ( j 2.24[) . ( 1 2.251) is the Briot-Bouquet type, all these solutions converge. We 
will explain the Briot-Bouquet theorem in section 6. □ 
By the Hamiltonian form (I 2.241) . (j 2.251) . the first solution 

oo oo 

y(t) = Y,*kt k , w(t) = Y,ht k , 

k=0 k=0 

is expanded as 

00 Q Q Q 

= ao = __, 



a 

Gl= A 



4& aj* - a o(#o + 3^i + ^oo) - 4a 6 + 2^ + ^-1 



(4.1) 



w(t) 



fc=0 

A 



9\ + 9 O0 )(9q + #1 + 9 



1 - Aa b + 26 + 20! + 9 C 



(4.2) 
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where 



x 



1 + 6a 2 b - a (9 + 39 1 + 0^) - 8a b + 20 x + 0^ + 2b 



-1 + 6a 2 b - a (9 + W 1 + 0^) - 8a b + 29 1 + 9^ + 2b 



-2a (a - l)\ 



6a b - 46 - (0 O + 30i + 0oc) 



We denote this solution as (I). 

The second solution is expanded as 



y(t) 



a Q 



fc=0 



ai 



— 9 + 01 + 0oo 

00 _ 01 + 0QO 



a 



46 ^ - a (^ + 30i + 9^) - 4a & + 20 x + 0^ - 1 



w(t) 



L .fc L _ (0Q ~ 01 + 0oo)01 



fc=0 



&1 = 



60 



2(0o - 0i) 
1 - 4a 6 + 2b + 20i + C 



We denote this solution as (II). We remark that A is a different function on O , 1; 0^ in 
(I) and (II) although we use the same notation A. 
The third solution 



y(t) = J2 w(t) = J2 b * tk , ( o + 0i^Z) 



is expanded as 

a = 1, ai 



k=0 



1 



k=0 



1-00-01 ' 
(Q +e 1 +e oo )e 1 



a 2 



1 



7 _ IPQ+Pl+PoojPl 1 



2-0 o -0i 
60 



01-2^60 + ^(00 + 301 + 000) 
2ai& o -ai(0o + 30i + 0oo) - 1 



6 2 = 



l+0o+6>i 

3a?6§ + 2a 2 6§ - (a 2 b + aA)(0 o + 30i + 0^) - h - 8aiMo 



J2 - 2+0 () +0 

We denote this solution as (III). 

Theorem 8 The three holomorphic solutions (I), (II) and (III) are invariant under the 
action of the Backlund transformation group. 





so 


Si 


S2 


S3 


IT 


a 


I 


I 


II 


I 


II 


III 


I 


II 


III 


I 


III 


I 


II 


II 


III 


II 


III 


II 


III 


I 


III 



We can prove the above theorem easily. 
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4.2 The linear equation at t = 

For a locally holomorphic solution (I) around t = 0, we may extend the deformation 
equation to t — because B(x,t) in ( j 2.23j) is holomorphic at t — 0. Therefore we can 
continue Miwa-Jimbo's isomonodromic deformation equation to £ = 0. We describe more 
detail in subsection 4.6. 

After substituting the solution (I) into the equation (j 2.22p . we put £ = 0. Then we 
have 

^> = „)*(,, 0), 

which is reduced to the hypergeometric equation. 
The above discussion proves the following: 

Theorem 9 We can determine the linear monodromy of the special solution (I). For the 
solution (I), ( j 2.22j) zs reduced to the hypergeometric equation when £ = 0. 
The fundamental solution matrix is expressed as follows: 



t=o 



4» 4 2) 
4 1} ^ 



where 



V>i = a: a (a: - 1) 3 2-P1 ( ^ ,1 ^ ,l-0 o ;z 

,(2) £o, /#oo + O - 01 . 0qo ~ 00 + 01 n . fl 

= a a (re - 1) a 2*1 ( 2 jl 2 + 

,(1) ( 6^ + 60 + 01 0OO-0O-01 . fl \ 
^2 = ~ X ) 2 2Fl ( ' 1 + 2 ' ~ ^ J ' 



,(2) ^1 /0oo- 00 + 01 1 , 000 + 00 - 01 , , fl 

^2 = — (x-l)a 2 Fi( — ,1 + ,l + o ;x 

Here u = u(0). 

Since Miwa-Jimbo's isomonodromic deformation equation can be continued to £ = 0, 
the linear monodromy is invariant for any £ G C. 



4.3 The linear monodromy 
4.3.1 Miwa-Jimbo's linearization 

The equation ( j 2.221) has two regular singular points x = and x — 1, and an irregular 
singular point 2 = 00 with the Poincare rank 1. We will define the linear monodromy 
{M , Ml, r 0oo , T loo , G+ G 2 , e 2 ™ T °°} of following [H]. 
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1) At the regular singularity x = v, [y = 0, 1), the local behavior of \I/(x) is given by 

= (l + 0((x-z/)))x T % 

where 



T 



e v /2 o 

-0„/2 



The local monodromy of \E^(x) around x = v is 

M u = e 2nin . 

2) At the irregular singularity x = oo, a formal solution is given by 



where 



!{r(oo) _ 

T(x) = 

#i = 

H v = -1 



1 + 



#1 



i M o 
o -t 



1 

X+ 2 



#00 

-0, 



log-, 



-H 



i_ 

tu 



- 1 -(z + 



V 

6> +6>i+6> o 



gfl-gl+go 



■)] 



H 



v 



z [ z + 

y 

00 + #00 



6*o + 0i + # c 



z + 9 -y[z + 



Oo — @i + #c 



Since x = oo is an irregular singularity, the actual asymptotic behavior of \I/(x) changes 
the form in the Stokes region of the complex x-plane: 

Sj = {x | 7r(J — 1) — £ < arg(xi) < nj + e, \x\ > R} (j = 1, 2, 3), 

where e is sufficiently small and R is sufficiently large. 

We denote is a holomorphic solution in 5^. According to the Stokes phenomenon, 

if 



YCrO') 

oo 

^(2) 



vf^fx) as x -> oo in 5, 



^(l) G ^(3) = ^(2) G ^(3) = ^(1) ariTc 
^oo "1) oo ^oo^^' ^oo ^00° • 



where the matrices Gj, (j = 1,2) are called the Stokes matrices and e 00 is a formal 
monodromy around x = oo. 

3) Since both an d satisfy (j 2.221) . they are related by the connection matrix 

r ■ 

*w = *gr w , (i/ = o, i). 

4) We have 

r 0oo M V^V loo M 1 V^G 1 G 2 e 2i ^ = I 2 . 

Generally, we cannot calculate Gj and T uoo . By the isomonodromic condition, the linear 
monodromy is invariant for any t. For the solution (I) of the fifth Painleve equation, 
we can calculate the linear monodromy, because (j 2.22j) is reduced to the hypergeometric 
equation when t = 0. 
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Theorem 10 For the the solution (I) of the fifth Painleve equation, the linear monodromy 
is 



M 

Tooo 
Tloo 





-«i-»o) 



Mi 

y> i -fl )r(i- 











y(foo-9i+9o)l 



r(i- 

ITT 

-e~2~ 



r(i+e )r(i-e oo ) \ 



3 +"i-e ) 



2 ' V 2 

r(i-ei)r(i-eoc) 



)r(J 



r(i-- 



ajr(i- 



r ^ floc-fll+9o 
1 V 2 I* V 2 



/ 



■) r(i-£ 



2i)r(i-- 







-Oi-Oq ^ «oo -»!+«() ^ 



e »^ir(i+ei)r(e 00 -i) 



i^o )r(- ° 





-in8 a 



Remark. While x = oo is an irregular singularity with the Poincare rank 1 in ( j 2.221 ). 
x = oo becomes the regular singularity when t = 0. This means that the formal solution 
around the irregular singularity x = oo, which is expressed in the form of an asymptoti- 
cally expanded power series converges for any t by the isomonodromic condition. There- 
fore, every Stokes matrix becomes the unit matrix. It is difficult to prove this fact directly 
but we prove this for the special value of parameters: a + (3 = 0, 7 = (9 = Q\ = 1/2), 
in section five. 



Remark. The Stokes multipliers become zero for our solutions, which are analytic around 
zero. Y. Sibuya studied differential equations whose Stokes multipliers vanish at irregular 
singular points [37J (Professor Okamoto taught us Sibuya's paper). Although he did 
not consider isomonodromic deformations, we think that the isomonodromic deformation 
equations become simple when Stokes multipliers vanish. 



4.4 Comparison with classical solutions 

Umemura studied special solutions of the Painleve equations jH] , which are called classical 
solutions. Umemura's classical solutions are either algebraic solutions or the Riccati 
solutions [30], [HI], [12]. 

We show that the new special solution (I) includes an algebraic solution y = — 1 and 
one point of the Riccati solution. Since (II) and (III) are the Backlund transforms of (I), 
(II) and (III) also contain classical solutions. 

We have the following Riccati solutions: 

1. In case of 9 + 9 1 + 9^ — 0, we have w = from (I 2.25ft and (I 4.21) . and y satisfies 
the Riccati equation. 

2. In case of #0 — 6\ — 9^ = 0, we have y = from ( j 2.24ft and ( j 4.1ft , and w satisfies 
the Riccati equation. 

3. In case of #0 + Q\ — 9^ = 0, all monodromy data become upper half triangular 
matrices by Theorem [IOJ 
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4. In case of 6q + 61 — 6^ = —2, all monodromy data become lower half triangular 
matrices by Theorem [TUJ 

In every case above, (I) includes one point of the Riccati solution. We remark that the 
Riccati solutions have the same linear monodromy. 

In case of a + (3 = and 7 = (i.e. 6 = Q x = 1/2), the system <TFM§ and (TFISb 
has a special solution y = — 1 and w = 1+e ™ + ~, which is a rational solution of Py. We 
will study this rational solution in the next section. 

We remark that (III) contains the Riccati solution y = e* for 60 = 6± = 600 = 0. 



4.5 R. Fuchs' observation for the solution y = — 1 

For an algebraic solution of the Painleve equation, R. Fuchs observed that the associated 
linear equation can be transformed by an appropriate variable change to an equation 
which does not include the deformation parameter t. He showed that the linear equation 
for special Picard's solutions, which correspond to three, four and six divided points of 
elliptic curves, can be reduced to the hypergeometric equation [S]. 

In this section we will show that R. Fuchs' observation is true for the rational solution 
y = — 1 for 9q — Bi — 1/2 of the fifth Painleve equation. This solution is a special case 
of (I), as we claimed in the previous section. For a generic parameter, we can directly 
calculate the linear monodromy of (I) only for t = 0. But in case of 6q = Q\ = 1/2, we 
can directly calculate the linear monodromy of y = —1 for generic t £ C. The authors 
learned the method in this section from Professor Kazuo Okamoto. 

We substitute the solution y = — 1 into Miwa-Jimbo's isomonodromic deformation 
equations (T2T221) and (TT231) : 



d^{x,t) 
dx 

A(x,t) 



di 



A(x,t)V{x,t), (4.3) 
2{0 -t) zU-M^ + f) ^-1 

/ 4 8 " V 4 8^ 



X - 

2 4 



t 

4 8 



H-H^-I) 

%?(x,t). (4.4) 



Putting 



i>2 
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we have equations for ipi. 
+ 



d 2 ^ 



dx 2 



1 1 
- + 



2t 



x x-1 2tx-t + 2(l-0 o 



dx 



+ 



+ 



+ 



4(1 - 



4 Vox 2 16(x-l) 2 t 2 - 4(1-^)2 2tx-t + 2(l-0 c 



+ 



2 ~2 
2~^2 



Ooo t 

4 8 


2t 




1 t 2 

+ 8 16 




tOoQ 


- 2(1 - 


#oo) 


4 


4 


Ooo t 


) 2t 




1 t 2 

8 + 16 


, Olo 
4 


tOoo 


T~8 


t + 2(1 - 


#oo) 


4 



1 

a; 



I -Ooo t (2a; -1) 



x(x — 1) 2 x(x — 1)J 9t dx 



dipi dipt 



1 f Ooo t 



x [ 4 + 8 



1 /l 



x- 1 V2 4 



i i 



'0i = 0, 
(4.5) 

0i. 
^ and 



The equation ( j 4.5j) has three regular singularities; x = 0, x = 1 and x — 
an irregular singularities at x = oo with the Poincare rank 1. We remark that x = | — - 
is an apparent singularity. 
We take new variables: 



(ipi,x) 



(01, e): 

0i [x(x - 1)]~ 



X 



- + \/x(x - 1) 



x - i + ^(x - 1) j e^v 7 ^" 1 ). 



Then (j 4.51) is reduced to 

<9 2 0i 3 90! 



+ 



l-0„ 



(4.6) 



which is independent of t. We can solve (j 4.61) easily: 



Q2 



-1 ± 



I -0 r 



Therefore solutions of ( j 4.51) are given by 



■01 = [x(x — l)e *] 



,1^(^-1) 



4 ci + y/(x- 1) 

+c 2 (v^+ v/^T)^ 00 e^v 7 ^) 

where ci,c 2 are constants. 

We notice that if = 1/2, 1 = 1/2 and y = -1, we have z = -(t + 2^ + 2)/8 and 
it = — c _1 e*/ 2 for a constant c. The fundamental solution \1/ of ( j 4.3ft is 

i i 

X4 (X — 1)4 W 

el+W^- 1 ) ( v /j + v /^T) 1 



(4.7) 
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The solution (j 4.7j) has a regular singularity at x = oo if we put t = 0. Although (I 4.71) 
has irregular singularity at x = oo in case of t 7^ 0, every Stokes matrix becomes a unit 
matrix since they give convergent series around x = oo. 

The linear monodromy of the fundamental solution (j 4.71) is 



We have 



M ° = U-"^ J' Ml 

Tooo = Tioo = -^2, G\ = G-2 — h, 

,*«r. fe^- \ 
y e me °° y ' 



-i 
-i 



4.6 Extension of deformation to t = 



In this section, we will show that the fundamental solution ty(x,t) of ( j 2.221) exists for 
any t G C. The equation ( j 2.221) has an irregular singularity at x = oo with the Poincare 
rank 1, which turns out the regular singularity when t = 0. For the special solution (I), 
B(x,t) in (j 2.231) is holomorphic at t = 0. Therefore we have a fundamental solution 
t) which is analytic on (x, t) and has a branch along x = oo. 
We set the Pauli matrix 

' 1 
-1 



0"3 



The following theorem assures that the isomonodromic deformation extends to t — 0. 
Theorem 11 For the special solution (I), we have a fundamental solution at x = oo 



X 



X, 



where 



T(x) 



t 6oo , , 



Here ^j{t) is holomorphic around t = for j = 1, 2, 3, 
Proof. We write equation ( j 2.231) as follows: 



dt 



where 



-u 



X 1 

2 3 t 



0„ - J/ * + 



6 
c 



*(ar,t), 



<9o — 6 1 ! + #c 



K 



2 \ z + 

y 



do + 0\ 



2 



(4.8) 



For the solution (I), we have 6(0) = c(0) = 0. 
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At the irregular singularity x = oo, a formal solution (I 4.8p exists for t 0. Therefore, 
we have 



x x z 



x 1/06 
2* s+ f I c 



*1 ^2 
1 + — + ^ + 

a; x z 



:0"3 



9 r(«) 



#1 ^2 



+ 



x 



x- 



where ' means a derivation by t. 



i + -7 + ^1 + 



*i ^2 



X 



x 1/06 
2 ffs + R c 



^1 *2 
1 + — + ^ + 



We put ^„ = 
sides: 

1) x°: We have 



and compare the coefficients of the equal degree of x in both 



Therefore 



[*1,<*3] 



1/06 
t V c 






-61 




' 6 \ 


V c i 


, 




, c ) 



Since 6(0) = 0, c(0) = 0, 61 and C\ are holomorphic around i = 0. 
2) We have 



Therefore 



-6 2 
c 2 



1/0 6 \ / ai 61 

t V c y y ci di 

c\b/t — a\ dib/t — b[ 

aic/t — c[ bic/t — d[ 



a[ b[ 



Compared with the diagonal components, a[ and d[ are holomorphic because 6(0) = 
and c(0) = 0. Therefore = ( fll ^ ) is holomorphic around i = 0. 



1 ci di 

Compared with the off-diagonal components, 62 and c<i are holomorphic. 
3) x _n : We have 



2 t^n+l,^] 



tic ' 
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Therefore 

—b n+ i \ 1 ( b \ ( a n b n \ ( a'„ b'„ 



n n 



c„+i J ' t \ c J \ c n d n J \ c' n d' n 

f c n b/t - a' n d n b/t - b' n \ 
\ a n c/t - c' n b n c/t -d' n J ' 

In the same way, a' n ,d' n and b n+ x,c n+ \ are holomorphic. Therefore \l/ n = ( a ™ ^ n J is 
holomorphic around t = 0. □ 

For a + /? = 0,7 = 0we showed that we may put t = in section 4.2. 



5 The sixth Painleve equation 

This section is based on the paper [21]. In this section, we will give four meromorphic 
solutions around each fixed singularity t = 0,1, oo, respectively, which are transformed 
each other by the action of the Backlund transformation group. We will calculate the 
linear monodromy for one of these meromorphic solutions at t = by Jimbo's method 
given in [20J. We take two confluences of singularities of the linear equation. One is 
the confluence between x = and x = t and the other is the confluence between x — 1 
and x = oo. For the former, the linear equation is reduced to the Gauss hypergeometric 
equation and for the latter, it is reduced to a Heun's type equation whose general solution 
can be obtained as a linear combination of two monomials. From these two confluences 
we obtain the linear monodromy for our solution explicitly. We will give the comparison 
with Umemura's classical solutions. 

5.1 Meromorphic solutions around the fixed singularities 

In this section we will classify all of the meromorphic solutions around a fixed singularity. 
We consider a solution of fHHHD and fTTOD (and that of fT"2~2"H]) and (TZZty simultane- 
ously) around t — 0: 

oo oo oo 

y (t) =t l J2 a i fi i =t fc 5^6it*, z(t) =t n J2 c i fi (l,k,neZ). (5.1) 

i=0 i=0 i=0 



Theorem 12 For generic values of parameters, the sixth Painleve equation has the fol- 
lowing four meromorphic solutions around t = 0: 



,„.,,: y(i) = sa-t + °°! 4 , 1 l " 1 r ° ; + g|± ( ° 4 " °f e + o(f), (5.2) 

a 4 — a 2 [1 — (a 4 — a ) 2 \ (a 4 — a ) 

1 — a\ + a\ — (a 4 — a ) 2 



^(*) = , M / \ a1 7 +Q(*). (5-3) 

4 [1 - (a 4 - a ) 2 J 

^ = ^i^ + 0(t°), (5.4) 
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(O-II): y(t) = -^-t + ^ t 1 + "* ~ + 1 f + 0(f), (5.5) 

= l-a; + a g-(a 4 W + 
4 [1 - (a 4 + « ) 2 J 

z(*) = + 0{t), (5.7) 

1 — «4 — «0 



(O-III): y(f) = + ~" 3 [1 + f ~ f ~ (Ql + "A + 0(t 2 ), (5.8) 

ai 2ai [1 - («i + a 3 y\ 

m = =g +0(t), z(t) = ^^ + 0(t), (5.9) 
2(«i + CK3J ai + a 3 

(O-IV): „(*) = + " 3 [1 + °f ~ ^ "r )2] t + 0(t 2 ), (5.10) 

«i lax [1 — («i — a 3 ) z \ 

= 2T^S + °W- ^) = " ai(ai + a2) + o (f ). (5.11) 

These solutions satisfy the system f"2~2H]) . and (PHH, (POHD and they are con- 

vergent since (j 2.281) and (j 2.29p are of the Briot-Bouquet type at t = [3] ■ We gave the 
proof in section 6. For generic values of parameters, there are no meromorphic solutions 
around t — except for these four solutions. 



Remark 13 (1) These four solutions exist for the following condition: 

(0-I):ai^0, a 4 -a ^Z, (O-II) : a x ^ 0, a 4 + a ^ Z, (5.12) 
(O-III) : ai i Z, ai + a 3 $ Z, (O-IV) : ai £ Z, ai - a 3 £ Z. (5.13) 

In the case of ao = 0, y(t) of the solution (0-1) coincide with (O-II) and y(t) = t. 
In the case of a 3 = 0, y(t) of the solution (O-III) coincide with (O-IV) and y(t) = 1. 
Both y(t) = t and y(t) = 1 are Riccati solutions. 

(3) In the case of a\ = (a = 0), the sixth Painleve equation has the following special 
solution around t = 0: 

y (t) = t ±ai (a + a 1 t + a 2 t 2 + ■■•), z(t) = t Ta3 (b + bit + + •■•)> 

z (t) = £T°3( Co + Cit + C2f 2 + ...>) (aj, 6j, Cj G C). (5.14) 



The Backlund transformations for the sixth Painleve equation are defined in subsection 
2.2.8, (where y = q, z = p) [32]. If we let a\ and a 2 act on the solutions (0-1), (O-II), (O-III) 
and (O-IV), we then obtain the meromorphic solutions of the system i \ 2.281) . ( j 2.29|) and 
( j 2.431) . ( j 2.44H which are meromorphic around t = 1 and t = 00. 



Theorem 14 T/ie szxt/i Painleve equation has the following meromorphic solutions around 
t = 1 and t = 00. 
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(1) Around t — 1 : 



(1-1): y(t) = l + -*—(l- t ) 

z(t) = ^-^ + ((l-tn (5.17) 



(l-II): y(t) = l + ^L_(l- t ) 

*(*) = ^±^ + 0((l- t) ), (5.20) 

= _Qi + a 4 [1 + ajj - ag - > 4 + Q ,) 2 1 (1 _ t) + Q((1 _ tf)(5 21) 

2 "« = ^hi) +0 « 1 -')»- =w-^ +0 « 1 - ( )'- < 5 - 22 > 



^ - s + " a4 '2:t^ ai)2| (i -" +o((i - <)2) ^ 23) 



0l + 0((1 - t)), ,(t) = Q 'j a ' 2 1° 4> + 0((1 - t)).(5.24) 



2(a 4 — ax) 



«i — «4 



Around t = oo: 



(oo-I) : 



ai — ao 



t + 



(1 + a§ + ol\ - aj - (a - a ± ) 2 ) (^) + 1 + a 2 



— OL\ 1 



2a [1 - ("o - aif 



ai(ai + a 2 ) 



(5.25) 



2(ai — ao) t 



- + 0(r 2 ), *(t) = - / v 1 , 2 / +0(r 2 ), (5.26) 



(«i — ao)^ 



(oo-II) : y(t) = 1 + - 

—ai 1 



(1 + C*§ + «2 _ a 2 _ ( aQ + ai )2) + 1 + a 2 



2(«i + a ) £ 



+ 0(r 2 ), 



2a [1 - («o + «i) 2 ] 
a!a 2 1 



(5.27) 



Oil + tto t 



+ 0(r 2 ), (5.28) 
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(oo-III) : 



(oo-IV) : 



y(t) 

m 

z(t) 

y(t) 

m 

z(t) 



g4 -a^A [-1 + aj - of + (otg + Q 4 ) 2 ] 1 , n( .-2s (t . om 
1 1 7 ! \2T7 ! \2 7 + u \ t A b - zu ) 



0(f 



1 — a 2 + a 2 , — (a 3 + «4) 2 1 
4[1- (a 3 + a 4 ) 2 ] t 
a 2 (a>i + a 2 ) 

1 — «3 — «4 t 

«4 «3«4 [—1 + «q — «f + («3 — O^) 2 ] 1 



« 4 — «3 



2 [1 - (« 3 - a 4 ) 2 ] (a 3 - a*)' 



t 



0(f 



1 — a\ + a\ — (a 3 — a 4 ) 2 1 
4 [1 - (a 3 - a 4 ) 2 ] t 

«4 — «3 + 0(t _1 ). 



+ 0(r 



(5.30) 

(5.31) 

(5.32) 

(5.33) 
(5.34) 



Remark 15 If we assume the meromorphy of a solution around t = and t = 1, y(t) 
and z(t) inevitably become holomorphic there. 

Theorem 16 These twelve meromorphic solutions are invariant under the action of the 
Backlund transformation group. 



(oo-I) 

(1-1) 



Si 



S3 



(oo-II) 
(0-11) 

(l-II) 



S2 



S2 



-^2__ (1-IH) 



oo-III) . S3 . (oo-IV) 
(O-III) . S3 . (0-IV) 

0"! 



s 4 



;i-iv) 



Figure 1: The Backlund transformations of the twelve solutions 



5.2 The linear monodromy for the solution (0-1) 

For a solution of the sixth Painleve equation, let Mj(J = 0,t, l,oo) be the monodromy 
matrices of the equation (j 2.331) along the path around x = j shown in Figure 2. 

Note that Mj(j = 0, t, 1, oo) satisfy 

MMMfMo = I 2 . (5.35) 

We can then calculate the linear monodromy {Mo, M t , Mi, M^} explicitly for the solution 
(0-1) by the method given in [20] . 



5.3 The limit of ( TOoP 



We will take the limit t — > after substituting the solution (0-1) into ( 1 2.331) . 
5.3.1) Put Y = '(^«,^ (2) ), then the limit 



t-»o 



(5.36) 



40 



Mo Me 



an 



Figure 2: The paths going around regular singular points with the base point Xq. 



satisfies 
dx 2 



+ 



1 1 

x x — 1 
(a - a 4 ) 2 



(i) 



dx 
1 a 

^7 + 



4 (x- l) 2 



1 — a\ + a| + («o — «4) : 
4x(x — 1) 



(i) 



The Riemann scheme of (I 5.37j) is 

x = -t x = 1 x = oo 

f |(1 -ax] 

x = ■ t x = 1 x = oo 
a + ai + o>2 

«4 — tto a 3 a + a 2 

Therefore a fundamental system of solutions of ( j 5.37|) is 



Q ~ Q 4 c«3 

x 2 ( x - i)- 2 2 Fi(a + «i + «2, «o + «2, 1 + «o - «4; a;), 



X 2 (x — 1) _ 2 2-^1 («1 + «2 + «4, «2 + «4, 1 + «4 — «o; X 



X 2 (x — 1) 2 P 



x 



The linear monodromy of (1 5.37j) is equivalent to {M^Mo, Mi, Mx,}. 
The exponent matrices of (1 5.37j) at x = 0, 1 and 00 are given by 



To 
T 



QQ-a4 
2 









2 



2 u 
Q Q-3 ) ' 



We may assume 



M t M 
Mi 



l+ai n 
2 u 

1=^ 



3 2?riTo 



g7ri(ao— "4) Q 

Q g™7ri(a — 04) j ' 



rye 



1 2?riTi 1 



m — r _1 ,= 27riT ~r 

J » J no — 1 n^e 1 



0. 

(5.37) 

(5.38) 
(5.39) 



(5.40) 



01, iMoo — 1 Ooo 



Ooo, 



(5.41) 
(5.42) 

(5.43) 
(5.44) 
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MtMo M, Moo 



Figure 3: The paths used to calculate the linear monodromy of ( j 5.371) 



where 



01 



Ooo 



r(l+ao-a 4 )r(a3) 

r(i-oi-a 2 -04)r(i- 



r(l+ao-a 4 )r(-a3) 
Y(a +a 1 



r(i 



r(l+a4-ao)r(a 3 ) 



-a 2 ) 



e ( a O+ a l 



'2)r(ao+a 2 ) 
• Q 2)^ 'r(l+ao-a4)r(-ai) 



^2)r(l — Qi— Q 2 — «4) 

e("o+"2)^'r(l+ao-a 4 )r(ai) 
r(a +ai+a2)r(l— 02—04) 



-ao— "1— a 2)r(l— «o- 
r(l+a 4 -a )r(-a 3 ) 

r(ai+a 2 +a4)r(a 2 +a4) 

e (a 1 + a 2+°4)^'r(l+a 4 -ao)r(-ai) 

r(a 2 +a 4 )r(i— a — 01-02) 

e(°2+"4)^r(l+a4-ao)r(ai) 
r(«i+a 2 +o 4 )r(l-a -O2) 



(5.45) 
(5.46) 



We should separate the monodromy data M f Mo. 
5.3.2) In the following, we consider the confluence of x 
Put x = t£, then the limit 



1 and x = 00 in (I 2.331) . 



lim-0 



(5.47) 



satisfies 



+ 



1 1 



.7 # 



OL\ 1 



4^2 + 



Or 



4 (e - i) s 



+ 



4£(£ - 1) 



n 



(i) 



where 



a 4 



«4 — OiQ 



(5.48 



(5.49) 



This is a Heun's type equation with an apparent singularity at £ = s = a 4 / (a 4 — a )- The 
singularities £ = 0, 1 and 00 correspond to x = 0, t and 1 • 00, respectively. The Riemann 
scheme of (I 5.481) is 



Q4 
2 
"4 
2 



2 

2 





2 



00 



Q4-Q0 



«4-«0 



(5.50) 



A fundamental system of solutions of (j 5.48j) is 



1 2 



(5.51) 
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AW ^1-/ M S=<» 

Figure 4: The paths use to calculate the linear monodromy of fl 5.48p 
The linear monodromy {L , L±, L^} of f l 5.48j) is equivalent to {M , M t , M^Mi}. 

M = P-'LoP, M 1 = P- 1 L 1 P, M 00 M 1 = P~ 1 L 00 P (5.52) 

for a matrix P G 5L(2,C). 

The linear monodromy{L , Li, L^} is given by 

_ ( e- mQ4 \ / \ 

/ e -^(« -« 4 ) \ 

Ax> - I g e 7ri(ao-a 4 ) ) " [b.bZ) 

Comparing fl 5.43p and fl 5.52p . fl 5.53p . we have 

M t M = P~ X L X UP, M t M = UU = g-^oo-o.) J • ( 5 - 55 ) 

Therefore P is a diagonal matrix, since «o — «4 ^ ^ for the solution (0-1). 

Theorem 17 T/ie linear monodromy of fl 2.33P /or i/ie solution (0-1) is as follows: 



M o = ( n JL 4 ) , M t = ( e _l ) , (5.56) 



— 7VZCX4 


° i 









nia 3 q 


r 


e™ 3 



^1 — TqI ( g e 7ria 3 J ^01, Mx> — Toci ( g _ e -7riai J r 0oo . (5.57) 

where r i and r 0oo are given in fl 5.45j) and fl 5.46j) . VFe remark that ao - «4 ^ 2 «/ i/ie 
solution (0-1) exists. 

In a similar way, we can calculate the linear monodromy explicitly for all of the twelve 
solutions in Theorem [T21 and Theorem [T41 



Theorem 18 The twelve solutions in Theorem [HI and Theorem JJ_ are all monodromy 
solvable. 
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5.4 Comparison with classical solutions 



Umemura studied special solutions of the Painleve equations |41j . Umemura's classical 
solutions are either rational solutions or the Riccati solutions. We show that some of our 
solutions include an algebraic solution and one of the Riccati solutions. 
1) In the case of a>i = a 4 and ao = a 3 (a + (3 = 0, 7 + S — the sixth Painleve 
equation has an algebraic solution 



y(t) 

z(t) 



Vt 



1 + -(t 



D + 



1 -1 
2! ' ~T 



1) 2 + 



1, s 1 

-(2a 3 + 2a 4 -l)-/= 



(5.58) 



1 



(2a 3 + 2a 4 - 1) 



■(t-i) : 



The solution ( j 5.58j) is a special case of the solution (l-II) for a>\ = ct 4 , ao = a 3 . 



2) In the case of «o = (5 



in 



the sixth Painleve equation has the Riccati solution 



(1) y(t) 

z(t) 

(2) y(t) 

z(t) 



2 F[(a 2 , oi x + ot 2 , 1 — «4; t) _ a 2 (a 1 + a 2 ) 
2 F 1 (a 2 , oi x + ot 2 , 1 — a 4 ; <0 



Q'4 



(5.59) 



[^° 4 2-Fi(«2 + «4, «i + a 2 + 04, 1 + a 4 ; t)}' _a 4 ^ | (5 60) 

t a HF x {a 2 + a 4 ,cti + o< 2 + a 4 , 1 + a 4 ;t) ~ t 



These are obtained by putting a = in the solution (O-II) and (0-1), respectively. 
3) In the case of a 2 = 0, the system (I 2.28ft and (I 2.29ft has the Riccati solution 



z(t) 

y(t) 

z(t) 

y(t) 



0. 



t{t - 1) [(t - l) a * 2 Fi{a A , 1 - a 3 , a + a 4 ; t)}' 

ai (t - l) a4 2 Fi(a: 4 , 1 - a 3 , a + a 4 ; t) 
a 4 2 



-t + 0(t 2 

0, 

t(t - 1) [t ai+a3 (t - l) a4 2 F!(l - ftp, 1 + a , l + ai + a 3 ; gf 
ai t«i+ Q 3(t _ l)a4 a Fi(l - a , 1 + «o, 1 + «i + «s; 
«i + ct 3 



(5.61) 



Ql 



+ o(t). 



(5.62) 



These are obtained by putting a 2 = in the solution (O-II) and (O-III), respectively. 
4) In the case of a 3 = (7 = 0), the system (I 2.281) and (I 2.291) has the Riccati solution 



(1) y(t) 

z(t) 

(2) y(t) 

z(t) 



[t a2 2 F 1 (a 2 , a 2 + a 4 , 1 - «i; t)]' 
t a2 2 F 1 (a 2 , a 2 + a 4 , 1 - 011] t) 



-a 2 + 0(t), 



(5.63) 



^[t ai+a2 2 Fi(ai + a 2 , ai + a 2 + a 4 , 1 + a x \ t)] 
t a i+ a 2 2 Fi(ai + a 2 , ai + a 2 + a 4 , 1 + ai,t) 
-(a 1 + a 2 ) + 0(t). 



(5.64) 
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These are obtained by putting a 3 = in the solution (O-III) and (0-IV), respectively. 
5) In the case of a 4 = (ft = 0), the system (j 2.281) and (j 2.291) has the Riccati solution 

(1) y(t) = o, 

(t) (t ll lS— 1 )" 2 2 i? i( a 2,a 2 + a 3 ,l -ap;*)] 7 
(* - l) aa 2 i ; i(a2, a 2 + a 3 , 1 - a ; t) 

= a2 ^ 1 + a2) +0(t). (5.65) 
1 - a 

(2) y(t) = 0, 

^ t Q o(t-l) a 2 2 Fi(ao + tt2,ao + a 2 + a 3 ,l + ao;i) 

= -— + O(t ). (5.66) 

These are obtained by putting a 4 = in the solution (0-11) and (0-1), respectively. 



6 The Briot-Bouquet theorem 

The Briot-Bouquet theorem [3] is well-known but we will explain the Briot-Bouquet theo- 
rem for a system and give a brief proof. From the Briot-Bouquet theorem series expansions 
of solutions of the fifth and the sixth Painleve equations in Theorem \7\ [T2l and [T41 converge 
around the fixed singularities. We denote (/)o := /(0) for a holomorphic function /. 

Theorem 19 (Briot-Bouquet) For the simultaneous equations 

du „. , , 
t— = f(u,v,t), (6.1) 

dv , 
t—=g(u,v,t), (6.2) 

where f and g are holomorphic functions of u, v and t near the origin. We assume that 
/(0,0,0) = 0, (7(0,0,0) = 0. Then a holomorphic solution with the initial condition 
u(0) = 0, v(0) = exists if 



n - (fu)o (-fv)o 
(-9u)o n - (g v ) 



for any non-negative integer n. 



Proof. At first we will show the existence of a formal solution u,v for ( j 6.11) and ( j 6. 21) . 
Expand u, v as 

u = ait + a 2 t 2 + ■ ■ • , v = bit + b 2 t 2 + ■ • • . 
From ( j 6.ip and f l 6.21) we have 

d 2 u du „ „ du „ dv , 

t ^ + H = f ' + f "H + f 'Tf < 6 - 3 > 

d 2 v dv du dv 

t W + dt =9t + 9 "dt +9v di- (6 ' 4) 
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Putting t = 0, we have 



du\ 



( dv 



[l-(/«)o] 37 -(Uhl =(/*)o 



\dt J 



( du\ 



\dt ) 

Solving the above equations, we obtain 



-Q?«)o ( — ) + [1 - (&)o] ( ^ J = (<?t)o- 



fit' 



ai = 



1 



(/t)o (~fv)o 

(9t)o 1 - (0„)o 



61 = 



\dt 



1 

AT 



l-(/„)o (/t)o 
{-9u)o (9t)o 



Here Aj 7^ from the assumption. 

By differentiating (I 6.31) and (j 6.4|) with £ and putting t = 0, (a 2 , 62) is a ls° determined 
uniquely as follows: 



a 2 



1 /c/ 2 m\ 1 1 



bo = ^ 



2! \ dt 2 J 2! A 2 
1 /ti 2 iA 1 1 
2! ~ 2!^2 



M (-fv)o 

Bi 2 - (^) - (^)q 

2 - (/„)„ - (/„)o A 
(-flOo B 1 



where 



A 1 
B 1 



ftt + Vtu dt + fuu( dt f + 2f tv dt + 2f uv ^ ^ + f vv ( ^ f 



du 



,du s 



dv 



...... du dv .dv . o 



t=o 



t=0 



and so on. Thus coefficients (a n , b n ) can be uniquely determined. 

In the second step, we will show the formal solutions u = Yl'kLi a ^ k an d v = YlT=i bkt k 
are convergent. We prepare the following auxiliary functions p(t), q(t) defined as implicit 
functions: 

P = f(t,P,q), q = g(t,p,q). 

Since Ai 7^ 0, the holomorphic functions p and q with p(0) = 0, q(0) = exist by the 
implicit function theorem: 

p — Cit + c 2 t 2 H , q — d\t + d 2 t 2 H . 

In the similar way, we have 

1 

0" A[ 



Cl 

dt 



dp 
~dt 
dq 



1 



dt j a; 



(ft)o (—fq)0 

(gt)o 1 - (g q )o 

l-(/ P )o (/t)o 
(-9 P )o (9t)o 



where 



Ax = A[ 



1 - (/,)„ (-/ fl )o 
(-0p)o 1 - (#9)0 
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and 



where 



A> 2 



1 fd 2 p 
?< 

1 (d 2 q 



° 2 " 2! V 



d 2 = 



2! V dt 2 



1 1 

1 1 
"2!AT 



A[ (-/,)„ 

5 i 1 - (ft>)o - (&)o 

i - (/„)o - (/ 9 )o a; 



1 - (/ P )o " (/ 9 )o (-/ ff )o 

(-&»)o 1 - (&)o - (# 9 )o 



7^0, 



dp 2 

9tt + 2g tp — + g pp (—) 



dp 

~dl 



dq 



2 9t g -jj; + 2g Pg ij^ + g gq ( 



dp dq 
~dl~dl 



dq 2 
dt j 



t=o 



t=0 



and so on. 

Comparing (w, t>) with (p, g), we have 



Therefore 



a n A n = c n A' n , b n A n = d n A' n , \A' n \ < \A n \ . 



| | — | | i | | — \ dn \ 



Since p and g are dominant series of u and v, u = YlkLi a ^ k anc ^ 11 = YlT=i bkt k are 
convergent. Thus the theorem is proved. □ 
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